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Global supply chains have plenty of opportunities for

random delays and hold-ups &
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Longshoreman /stevedore strikes, regulations & slow custom checks, lack
of truck drivers, piracy, canal blockages, bridge crashes; the list is endless.
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Overview

Distribution of stochastic lead times.

Order cross-overs.

Random sums of random numbers.

EOQ safety stocks with stochastic lead times.

Expected dynamic behavior of the POUT policy with stochastic leac
times drawn from a negative binomial distribution.

POUT policy with stochastic lead times: When an arbitrary lead tim
distribution is based on empirical evidence (a posteriori).

Open orders and sub-processes.

The inventory and order distributions.

OUT policy with stochastic lead times: Forecasting the lead time.
The case of auto-correlated demand and correlated lead times.
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Distribution of lead time for port-to-port shipping from

China to the USA during March-September 2011
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Factory to factory lead times between Boulder and

Shenzhen are stochastic and have order crossovers

Orders that crossover arrive in a di erent sequence than they were sent.

Stephen M. Disney Stochastic lead times: A tutorial Exeter/Lancaster, June 2024 4/52



Sum of random variables

Assume demand D, is an i.i.d. normally distributed random variable
with a probability density function (pdf) of
x_ p2 Yy
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Using the convolution integral, the pdf of the demand over the
lead-time L is given by the L-fold convolution,
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which is the pdf of a normal distribution with a mean of b and a
variance of L3.

Put simply, the pdf of a sum i.i.d. random variables has a mean eqt
to the sum of the means and a variance equal to the sum of the
variances.
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Safety stocks with constant lead times: A numerical

example

Assume a normally distributed demand has a mean gf 100 and
variance of 3 100.

95% availability is desired, hence a safety factor of 0:95 1:645

is usedt
With a constant lead time of L 4 the following re-order point RP is
set
Ya »
RP L p 1095 L2 47100 1:645 4°100- 433

®3)

lThe Shiny app at https://bullwhip.shinyapps.io/StatisticalDistributions/ provides more information on the
normal distribution.
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Safety stocks with random lead times, Eppen and Mart

(1988) ©

Assume lead time L 2 with probability p 0:5 and L 4 with probability
ps 0:5.
2

Mean . P, p.L 3andvariance ? P, p.’L  (*? 1.
Normally distributed demand has a mean ofp 100 and variance of 3 100.

Distribution of the demand over the lead-time is the sum of a random number of
random variables whose pdf is given by

L
X Qpl- PiL1 DiX: (4)
L1

Here, p is the probability of lead-time L occurring and L is the maximum
lead-time, Feller (1958).

The lead-time demand has a mean of, | and a variance of 2 | 2 3, Feller
(1958).

This mean and variance incorrectly implies the re-order point should be set to
Yo o

RP 5. 1095 2. 22 3100 1:645 10300 467: (5)
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Feller's formula gives correct mean & variance of lead-t

demand but is not su cient to describe the complete pd

The true pdf of the lead-time demand is given by, L o X %Ptl p."1 erf % .

Which provides the re-order point, RP

1 1 RP 1 RP 400 . A
b X & lerf® 10 lerf R°4%  0:95 O RP 425

oL
Pi1
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The random sum of random numbers approach should

avoided

When the modes of a multi-modal inventory distribution are
su ciently far apart, the reorder point calculation may be dominated
by the greatest mode.

If the right-hand tails of the pdf's are similar, then the two re-order
points can be close. This happens when the distribution of the leac
times is bell-shaped and when the variance of the demand is rathel
large compared to the mean demand.

Neither-the-less, even if the results are similar from both approache
we recommend that the multi-modal approach is taken as;

it is hard to predict when a good approximation is present,
is not di cult to calculate in Excel,

is exact,

and is correct for the correct reason.
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Dynamic response of the proportional order-up-to (PO

policy
Consider an impulse demand is present. The impulse demand js D when time

t 0and D O for all other t.

The impulse demand can be used to represent i.i.d. demand as the demand
impulse response is also a system's auto-covariance function.

The minimum mean squared error (MMSE) forecast of i.i.d. demand [§th[ D,

'

ig

Balakrishnan et al. (2004) and Boute and Van Mieghem (2015) show the POUT
policy under i.i.d. demand with MMSE forecasts generates replenishment orders vi

O D¢ ™1 «O 1 (6)
The inventory balance equation is
lt 1t1 Rt Dy (7)

Here, | is the inventory at time t, and R is the production completions (or
suppliers' receipts).

We can model the lead-time, the link between Oand R, in many di erent ways.
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Production/replenishment lead time distributions @

First-order exponential smoothing. Parts of the order arrive over
many periods in the future. Maybe representative of factory output
where production is completed over several periods, some output
arrives immediately, and some output is spread out over time.

Third-order exponential smoothing. Equivalent to three rst-order
exponential smoothing mechanisms in series. Representative outpL
following an s-shaped learning curve, Naim (1993).

Negative binomial distribution. A generalization of the n"-order
exponential smoothing models.

Geometric distribution. A rst-order negative binomial distribution
(rst-order exponential smoothing) is equivalent to a geometric
distribution.

Pure time delay. When n 2, the negative binomial distribution

models a pure time delay. Suitable when only complete orders arriv
in future periods. Representative of a transportation delay.
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Expected dynamic behaviour

The impulse response of arf"rorder exponential smoothing delay can be
interpreted as the expected dynamic behavior of a system with a
stochastic delay drawn from a negative binomial distribution.

The connection is established by observing thatthe inverse z-transform of
the impulse response of thé'norder exponential smoothing (with
smoothing parameter ), is identical to the probability mass function of the
negative binomial distribution of the number of failures k, with p probabilit
of success in each trial until r successes have occurred.

fok;r;pe < k rk 1 p'1 pe X (Negative binomial distribution)

tnl R . .
R <« ( e M1 ot (n"-order exponential smoothing)

Mapping k t,r n,and p , reveals that we can use the pmf of the
negative binomial distribution to represent the pmf of lead times.

When we do so, the expected dynamic response can be obtained by repla
the stochastic lead times with an"h-order exponential smoothing model.

Stephen M. Disney Stochastic lead times: A tutorial Exeter/Lancaster, June 2024 12 /52



Expected dynamic response: The impulse response of

POUT policy's inventory levels ( 0:3)

Figure shows 100 sample paths of the inventory impulse response with a random
lead time. The lead time distribution is an geometric distribution (a rst-order
negative binomial distribution, r 1), with parameter p 0:5.

The red line is the average dynamic response of 10000 sample paths.

The BEIENAIE is the inventory impulse response with a rst-order exponential
smoothing (with  0:5) representing the lead time.

Upper boundary of the sample paths is the impulse response with zero lead time.
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The proportional order-up-to (POUT) policy with a kno

stochastic lead time distribution, Disney et al. (2016)

Consider a normally distributed, i.i.d. random demand;*Dwith mean p
and variance 3, is present.

The minimum mean squared error forecast of i.i.d. demaniﬁi)sst Ds 1
The inventory balance equation is
lk 1t1 Oy Dy (8)

Here: | is the inventory at time t, L is a discrete i.i.d. random variable that
represents the lead time of the order Q .

The POUT policy generates replenishment orders via
Ot D AT L D Al t W t®e: (9)

Here: T is a target safety stock. L is the lead time. Wé the inventory on
order, the work-in-progress (WIP), the orders placed but not received.

Stephen M. Disney Stochastic lead times: A tutorial Exeter/Lancaster, June 2024 14 / 52



The impact of the proportional feedback controller,

under i.i.d. demand and constant lead times a

regulates how quickly deviations in inventory and WIP levels are
corrected.

0B @ 2 is required for stable operation.
When 1, the POUT policy degenerates into the OUT policy.
When a constant lead time L is present the order variance is given &

2
V O, 2'3 (10)

and the inventory variance is

VI,  3EL “ (11)

Stephen M. Disney Stochastic lead times: A tutorial Exeter/Lancaster, June 2024 15 /52



The inventory and order variance trade-o in the POUT

policy under constant lead times

Note: Bullwhip VO‘ and NSAmp \%.
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